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Bulk scalar field in the braneworld can mimic the 4d inflaton dynamics 
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Based on the recently proposed scenario of inflation driven by a bulk scalar field in the braneworld 
of the Randall-Sundrum (RS) type, we investigate the dynamics of a bulk scalar field on the inflating 
braneworld. We derive the late-time behavior of the bulk scalar field by analyzing the property of 
the retarded Green function. We find that the late-time behavior is basically dominated by a single 
(or a pair of) pole(s) in the Green function irrespective of the initial condition and of the signature 
of mf — V'ff), where is the potential of the bulk scalar field. Including the lowest order 

backreaction to the geometry, this late-time behavior can be well approximated by an effective four¬ 
dimensional scalar field with = mf 12. The mapping to the four-dimensional effective theory is 
given by a simple scaling of the potential with a redefinition of the field. Our result supports the 
picture that the scenario of inflation driven by a bulk scalar field works in quite a similar way to 
that in the standard four-dimensional cosmology. 


I. INTRODUCTION 

It is very likely that our four-dimensional universe is a subspace in a higher-dimensional spacetime. In fact, string 
theory, which is a candidate for the unified theory, is a higher-dimensional theory. As a realization of such a higher¬ 
dimensional theory, the braneworld scenario has attracted a lot of attention recently. The new idea of the braneworld 
is that the matter fields are confined on the brane, while the gravitational fields propagate in higher dimensions 
which we call the bulk. Based on M-theory, Horava and Witten showed the possibility that the matter fields may 
consistently appear on the 10-dimensional boundary of a Z 2 -symmetric 11-dimensional spacetime [1]. Using the fact 
that only gravitons propagate through the bulk, Arkani-Hamed, Dimopoulos and Dvali proposed a new solution to 
the hierarchy problem between the Planck and electroweak scales [2]. Then Randall and Sundrum (RS) proposed a 
model of a braneworld in which the bulk is a five-dimensional anti-de Sitter (AdSs) space with the brane(s) as the 
fixed point(s) of the Z 2 symmetry [3,4]. In particular, the second model proposed by Randall and Sundrum [4] has 
a single brane, hence the extension in the direction of the extra dimension is infinite. Nevertheless, the spacetime is 
effectively compactified within the curvature radius I of AdSs, and the four-dimensional Einstein gravity is effectively 
recovered on the brane for length scales greater than ^ [4,5]. Thus this second RS braneworld model provides a unique 
mechanism for compactification called warped compactification. Because of this attractive feature, a lot of work has 
been done on the cosmological aspect of the model to see if there is any significant difference from the standard 
four-dimensional cosmology [6-9]. 

It is natural that the five-dimensional action includes some scalar fields of gravitational origin from the viewpoint of 
unified theories in a yet higher-dimensional spacetime. Braneworld models with such a scalar field have been discussed 
by various authors [10]. Then one can consider a scenario in which inflation on the brane is driven by a scalar field 
living in the bulk in place of an inflaton field confined on the brane [11]. Provided there is a bulk scalar field with 
a suitable potential, it was shown in Ref. [11] that there exists a field configuration in the bulk that indeed realizes 
inflation on the brane. Subsequently, the quantum fluctuations in this scenario of brane inflation were investigated 
[12,13]. In particular, it was shown that the correction due to the five-dimensional nature of the inflaton field is small, 
as long as \m?\U^ <C 1 and <C 1 are satisfied, where ^ is the curvature radius of AdSs, m is the mass of the 

bulk scalar field, and H is the Hubble parameter on the brane [13]. Furthermore, the reheating after inflation based 
on this scenario has been discussed by Yokoyama and Himemoto [14], and they found that the standard inflationary 
cosmology is reproduced under the same conditions. 
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However, these results for this new scenario are more or less based on a particular scalar field configuration discussed 
in [11], the details of which will be explained in the next section. Therefore, strictly speaking, the viability and 
generality of this scenario should be more carefully examined. To overcome the limitations of the previous analyses, 
in this paper we develop a method to discuss the dynamics of a bulk scalar field in more general situations, which is 
applicable to most of the stages of inflation including the reheating era. 

This paper is organized as follows. In Sec. II, we review the inflation scenario driven by a bulk scalar field. In Sec. Ill, 
we extract the behavior of the bulk scalar field on the inflating braneworld from the properties of the Green function. 
In Sec. IV, we discuss the effective description of the dynamics from the four-dimensional point of view and show 
that there is a simple correspondence between the 5-dimensional potential V {<j)) and the effective four-dimensional 
potential of the induced scalar field $ on the brane. Section V is devoted to discussions. 


II. BRANEWORLD INFLATION WITHOUT INFLATON ON THE BRANE 


We consider a five-dimensional bulk with a single positive tension brane. The brane is located at the fixed point of 
the Z 2 symmetry. We adopt the Gaussian normal coordinates and express the metric as 

ds^ = gabdx^'dx^ = dr"^ + q^j^dx^dx '', ( 2 . 1 ) 

where the brane is assumed to be located at r = rp. As for degrees of freedom which propagate in the bulk, we 
consider a scalar field as well as gravitons. We denote the energy momentum tensor confined on the brane by Sab and 
that spread over the bulk by Tab- We introduce the five-dimensional negative cosmological constant A 5 as an offset 
of the vacuum energy apart from Tab- 

The five-dimensional Einstein equations are 

Rab - + Rbgab = Kg {Tab + SabS{r - Xq)) . (2.2) 

As for the forms Sab and Tab, we neglect the contribution to Sab from the matter fields confined on the brane and 
consider a minimally coupled bulk scalar field with the potential V{(j )). Thus we have 


Sab — ^Qab, 

Tab = (t>,a4>,b - gab Qff + V{<1))^ , 


(2.3) 


where a is the tension of the brane. For simplicity, we do not consider a possible coupling of 4> to the brane metric 
q^v{xo), though an extension to such a case may be worth investigating in the future. In order to recover the 
Randall-Sundrum flat braneworld when Tab vanishes, we choose Ag as 


Ag = —- 


.- 4^2 


6 


Then, the effective four-dimensional Einstein equations on the brane become [8,11] 

n — — K 

where 




Kia 


Ka = 


6 ’ 


Si = 4^ 




rbrd Qy ■ 


\{4>,Tf - - 5V{<j ))) 


(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 


Here, ^^'^Crbrd is the five-dimensional Weyl tensor with its two indices projected in the r direction. 

Focusing on the zeroth-order description of the cosmological model, we consider the case in which the metric induced 
on the brane is isotropic and homogeneous, 

“ qpv{r = ro)dx'^dx‘' = —dt^ + a{t)‘^"fijdx^dx^, (2.9) 
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where is the metric of a constant curvature space. Because of the assumed Z 2 symmetry, the boundary condition 
for the bulk scalar field at the position of the brane is given by 

dr(t>\r=ro = 0 - ( 2 . 10 ) 


Here we have further assumed that the bulk scalar does not couple to the metric on the brane. Then, the time-time 
component of Eq. (2.5) gives the four-dimensional effective Friedmann equation 


with 


-b 


K 


= = K4Peff, 
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( 2 . 11 ) 

( 2 . 12 ) 


The equations for (f) and Ett, are basically five-dimensional. However, in the present spatially homogeneous case, the 
Bianchi identities supply the evolution equation of Eu on the brane as [11] 

= a^kdU+U)dt. (2.13) 

Hence, once we obtain (j) by solving the five-dimensional equation, the value of Eu on the brane is derived from this 
equation without solving the five-dimensional one. 

In the previous work [11], we considered the five-dimensional evolution of a bulk scalar field with the potential V {(j)) 
in the slow-roll limit. We approximated the energy density in the bulk by a fixed value of the cosmological constant 

As^eff = As -b K5H(^io)5 (2-14) 


where 0o is an appropriate representative value of (j). Then, neglecting the 0^ and Ett terms in the effective energy 
density, the effective curvature radius £ and the Hubble constant El are given by 


lAs.effj 6 

and the bulk metric takes the form 

ds^ = dr'^ + {HIY smE?{r/£){—dt^ -b a^{t)^ijdx''dx^). 

Note that 

1 


H£ = 


sinh(ro/f) 

As a toy model, we considered the potential of the form 

V{(j)) =Vo + 

Under these assumptions, we found that there is a unique nodeless solution in the separable form as 


(2.15) 

(2.16) 

(2.17) 

(2.18) 


(j) = u{r)'tp{t). (2.19) 

When <C 1 and ^ 1, the time dependence of the solution turns out to be identical to that of a four¬ 

dimensional scalar with the effective mass squared given by = m^/2. Further, substituting this solution into the 
formula for Eu, the effective energy density peff turns out to be identical to that for the effective four-dimensional 
scalar field defined by $ = ( 6 /lA 5 j)^/^())(ro) whose mass squared is This fact indicates that the dynamics of this 
system may be well described by the effective four-dimensional scalar field $ when both and H£ are small, and 
the standard slow-roll inflation is realized by the bulk scalar field. ^ 


®Slow-roll inflation is realized on the brane if <C 1, even if S> 1 and ^ 1. However, the effective energy 

density has a small discrepancy from the standard one in this case [11]. 
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However, since the above solution is obtained by imposing the constraint of separability, it is not clear to what 
extent we can trust the speculations based on this specific solution. Moreover, the analysis in Ref. [11] was restricted 
to the case with < 0 to avoid the singular behavior of the solution at r = 0. In this paper, we give a rigorous 
foundation of the arguments given in the previous papers, and show that the scenario is valid for a much more general 
class of initial conditions for which there is no need to assume the separable form (2.19) nor the case m? < 0. 


III. BULK SCALAR DYNAMICS 

We consider the evolution of a bulk scalar field on the background spacetime which consists of the AdSs bulk and 
the boundary de Sitter brane. We consider arbitrary, regular initial data for this scalar field and investigate the generic 
behavior of the scalar field at sufficiently late-times by analyzing the properties of the retarded Green function. 


A. Construction of the Green function 


The bulk geometry is given by Eq. (2.16) with a{t) of the de Sitter space. For simplicity, we take the spatially flat 
chart of the de Sitter space. Then the metric becomes 


+ {He f sinh^ir/e) 


-dt^ + 


The field equation for (j) is 

(—C 5 -t- m {(j) = —-\- 

where 

and 

djrp - 

The retarded Green function satisfies 


1 


Lt - H^e 


2-2Ht - 


(i?f)2sinh^(r/£) 

‘ dt^ ^ ^dt' 

1 ^ • 1,4/ io\ 9 2 

-;i-— sinh {r e)— - m . 

sinh (r/f) dr 


^3)J- 

(3.1) 

o' 

II 

1-! 

cs H 

(3.2) 


(3.3) 


(3.4) 


(-□5 + rn^)G{x, x') = 


6'^{x — x') 
V^9 ’ 


(3.5) 


with the causal condition that G{x, x') = 0 for x' not in the causal past of x. For given initial data on the hypersurface 
t = ti, the time evolution of a scalar field is given by 


(j){x) = / [{n°-d'^G{x,x'))(j){x') - G{x, x')n‘^d'^(j){x')] a/ -f{x') dV, 


(3.6) 


where n“ is the timelike unit vector normal to the initial hypersurface and 7 is the determinant of the metric induced 
on this initial hypersurface. 

Since we are interested in the spatially homogeneous brane, we focus on the a;-independent scalar field configurations. 
Namely, we consider the spatially averaged Green function defined by 


Q{t,r;t',r') := J dx' G{x,x'). 


(3.7) 


Since G{x,x') depends on the spatial coordinates x and x' though the form ja: —a:'|, the x dependence also disappears 
after taking the average over x'. The equation for Q{t,r;t',r') follows from Eq. (3.5) as 


Lt 


(iJ£)2sinffi(r/£) 


-Lr 


G{t,r;t',r') = 


6{t — t')5{r — r') 
He^ sinh^(r/£)e^'^‘ 


(3.8) 
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Let us now construct the Green function ,r'). We begin by considering a set of eigenfunctions of the 

operator Lj, which we denote by 'ipp{t). The equation for 'ipp{t) is expressed as 


Lt + ip"^+ 9/4)H^ V'pW=0. 


Solving this equation, we obtain 


Mt) = 


(3.9) 


(3.10) 


Note that (p^ + 9/4)iJ^ is the four-dimensional effective mass squared for each mode. The functions ipp{t) satisfy the 
orthonormality and the completeness conditions, 


/ OO pOO 

dtHe^^*'iljp{t)'iljp{t) = S{p-p'), / dp'ipp{t)'ipl{t') = 

-OO j —OO 


6{t -1') 


Hesm ■ 

Next we consider the eigenfunctions of which we denote by Up(r). The equation for Up(r) is 

p^ + 9/4 


(3.11) 


Lr H" ' 


P sinh^(r/£) J 


,(r) = 0. 


(3.12) 


We denote the eigenfunction which is regular on the upper half complex p plane by Up°'^*^(r), which is given by 




r(l - ip) ^Zi/ 2 (cosh(r/£)) 

sinh3/2(r/f) 


= [sinh(r/£)] [cosh(r/£)]^'''®^ ^ -I- 3/2 ^ — v + 1/2 ^ tanh^(r/£) 

\ z z 

r—^0 


where associated Legendre function of the first kind [16] and 

V = \/ rn?P + 4. 


(3.13) 


(3.14) 


The reason for assigning the superscript ‘(out)’ to this eigenfunction is that ip{t)u^'^^\r) oc e v{Ht+inr) describes a 
wave propagating out to the Cauchy horizon given by r —> 0 with Ht + lnr = const. On the other hand, we denote the 
eigenfunction which satisfies the Neuman boundary condition at the position of the brane (2.10) by Here the 

superscript ‘(^ 2 )’ is assigned because of its Z 2 -symmetric property. We can describe Up ^ (r) by a linear combination 
of two independent solutions as 


The Neuman boundary condition determines 7 ^ as 


7p = 


drUp (r) 


4«'_T’(r) 


With these eigenfunctions, we can express the Green function as 

/ OO 

dpGpir, r')'tpp{t)\p-p{t'), 

-OO 

where Gp{r,r') is given by 

Qp{.'r,r') = {yS°'^^\r)uf^\r')e(r' - r) -f u^°'^^\r')uf^\r)9{r - r )) , 


(3.15) 


(3.16) 


(3.17) 


(3.18) 
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and Wp is the Wronskian defined by 


Wp = sinh^(r/£) {drU^p'^^\r))u^^'^\r) — u^p'^^\r){drU^^'^\r)) 
= 2ipe^jp. 

It is straightforward to show that Gp{r, r') satisfies 


Lr + 


+ 9/4 

£2 sinh^(r/f)J 


Gp{r,r') = 


5{r — r') 
^^sinh^(r/£) ’ 


(3.19) 


(3.20) 


and that G{t,r;t',r') given by Eq. (3.17) satisfies Eq. (3.8). 

In the above, we have tacitly assumed that there is no pole in the upper half complex p plane in the Green function 
Gp- If this is the case, since the integrand in Eq. (3.17) goes to zero sufficiently fast at large \p\ on the upper half 
complex p plane for t < t', the retarded boundary condition is guaranteed by closing the integration contour in the 
upper half complex p plane. In the case when there exist poles in the upper half complex p plane, one has to deform 
the integration contour so that there is no pole inside the contour. In other words, one has to subtract the contribution 
of the poles in the upper half complex p plane from the Green function (3.17). Thus the correct expression for the 
retarded Green function is 

/ OO _ 

dpGp{r,r')il;p{t)tp-p{t') - 2Tri'^ Res [Gp{r,r')tpp{t)il;-p{t ')], (3.21) 

-OO ^P = Pi 


where p = Pi are the locations of poles in the upper half complex p plane. 

Once the retarded boundary condition is satisfied, the Green function vanishes for spatially separated (t, r) and 
{t', r'). In particular, it vanishes in the limit r —> 0 for fixed values of t and t'. This guarantees the regularity at r = 0 
of the scalar field for arbitrary, regular initial data. 

On the other hand, when (t, r) is in the causal future of one can close the integration contour on the lower 

half of the complex p plane. Then the late-time behavior is understood by investigating the structure of singularities 
such as poles and branch cuts in the integrand. The singularity on the complex p plane with the largest imaginary 
part dominates the late-time behavior. In the next section, we investigate the structure of the singularities in detail. 


B. Poles of the Green function 


Let us investigate the singularities in Gp- Erom Eq. (3.18), the location of a pole is determined by the value of p at 
which the Wronskian (3.19) vanishes. Noting Eq. (3.16), the equation to determine the pole location is given by 

5r4™*)(r)|.=.„ =0. (3.22) 

We look for the solution p satisfying Eq. (3.22) when <C 1 and <C 1. For this purpose, it is convenient to 
rewrite the expression for Mp°'^*^(r) as [16] 


r(i-ip) 


2*P0r 


2^-^nT{v) 

T{-ip + V+ 1/2) 


sinh‘ 




-1 


sinh^(r/f) 


'T{-ip-v+ 1/2) 


I t)F[ V±lpJl _ + ^ ^ . 


-1 


sinm(r/f) 


(3.23) 


Taking 1/sinh^(ro/f) = as a small parameter, we expand Eq. (3.22). Besides an irrelevant common factor, we 

obtain 


\(l-v){2-v) 

4-1/ 

2-2i^+2n _ ^ 

+ ^ 



){i' + 2)T{—i')r{—ip + u + ^) 


)T{u)T{-ip-y+1/2) 


{p^ + {-y + \)\p^ + {-y+m 

%{2-v){A-v) 


+ O 


{He)^‘' l + 0{p^H‘^f) 


= 0 . 




(3.24) 


Next we expand this equation with respect to Then, we notice that the third and all the higher- order terms 

on the first line diverge at = 0 because j/ « 2 -|- m^f^/4. The same is true for the terms on the second line. 
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However, it is guaranteed that the singular pieces of these terms mutually cancel because P^^^{cos\i{ro/€)) is finite. 

After the subtraction of these singular pieces, the terms on the second line are at most except for the cases 

in which the argument of the F function in the numerator, 1/2, is very close to a nonpositive integer. Except 

for these special cases, the first two terms on the first line give an approximate equation to determine the location of 
a pole: 


- ( + ^ ) « 0. 


(3.25) 


This equation is always a good approximation irrespective of the value of rrr /. We denote the two solutions by 


9 m; 


eff 


P±=±l\l-- ^2 




(3.26) 


where 



(3.27) 


In addition to these, there are poles corresponding to the poles of the F function mentioned above, given by p « 
—z(n + V 1/2), where n is a non-negative integer. However, they do not give a dominant contribution to the 
late-time behavior. 

Now it is easy to see the late-time behavior of the Green function. When <9/4, the contribution from 

the pole p+ dominates. The Green function after a sufficiently long lapse of time behaves as 


g{x, x') (X e(V(9/4)^=-™L-(3/2)^)‘. (3.28) 

When mlQ/H'^ > 9/4, the contributions from both poles p± are equally important. In this case, the asymptotic 
behavior of the Green function is given by 


Q{x,x')o:e cos 




(3.29) 


where p is a real constant phase. 

According to Dubovsky et al. [15], a massive bulk scalar field in the Randall-Sundrum braneworld with a single 
flat brane has quasinormal mode poles at p « ±to/-\/2 — ze, where e is a small positive number, which correspond to 
a resonant state with the effective mass squared m^/2. In addition to these, as is explained in detail in Appendix A, 
there also exists a branch cut emanating from p^ = 0 in the flat brane case, though its contribution is physically small 
compared with the contribution from the pole. There is of course a nice correspondence between these properties of 
the singularities in the flat case and those in the present de Sitter case. The quasinormal mode poles are merely the 
poles at p = p± discussed above. At the leading order the location of these poles is determined by Eq. (3.25). But 
it is not sufficient to identify the small imaginary part in p\. To do so, we have to go back to Eq. (3.24). Then we 
find the higher-order terms in the first line of Eq. (3.24) are irrelevant to obtain the imaginary part since they are 
real functions of p^, but the essential term is the first term in the second line of Eq. (3.25). Taking that term into 
account, the leading-order contribution to the imaginary part is obtained as 


iF^F^Im [p^ « Im 


2 - 2 ,.+ 2 (i _ ^)(^ 2)V{-v)T{-ip± + iy+ 1/2) 

(4 - zz)F(zz)F(-zp± - iy + 1/2) 


(my 


rn^ j 


(m£y 

16 


(3.30) 


This result completely agrees with that obtained in [15]. As for the branch cut in the flat case, it corresponds to the 
series of the poles at p « —i{n + i^ + 1/2) in the limit H/m^ 0 . 


IV. EFFECTIVE FOUR-DIMENSIONAL SCALAR FIELD 

From the asymptotic behavior obtained in Eqs. (3.28) and (3.29), we can conclude that the bulk scalar field 
evaluated on the brane behaves as an effective four-dimensional field with the mass squared after a sufficiently 
long period of de Sitter expansion. This correspondence was speculated in Refs. [11,13] based on an analysis of the 
field configuration in the separable form as Eq. (2.19) for the case jm^j/iF^ <C 1. Our present analysis proves that 
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this simple correspondence continues to hold in more general cases, irrespective of initial field configurations and of 
the value of vn? /. 

This is not the whole story of the correspondence. Our analysis developed so far, in which we fixed the background 
geometry to a model with a single de Sitter brane, can be interpreted as a first-order approximation with respect to 
the amplitude of the scalar field. From Eq. (2.11), we see that the backreaction to the geometry starts with the second 
order in the amplitude of (j). Thus, it is justified to evaluate the effective energy density peff defined in Eq. (2.12) 
by substituting the leading-order evolution of the scalar field on the fixed background. It is then important to check 
whether which describes the effect of the backreaction to the geometry, coincides with the energy density of the 
effective four-dimensional field with rri^g = rn?/2. In Ref. [13], this was shown to be the case for \rn?\/H‘^ <C 1 and 
for the scalar field configuration in the separable form. Here we shall show that this correspondence also continues to 
hold in general, irrespective of the form of the scalar field configuration and of the ratio /H^. 

To see this correspondence, we first note that from the asymptotic behavior of the Green function (3.28) and (3.29), 
the bulk scalar field satisfies the equation 


4, + 3H,j)+^V' = 0 

on the brane at late times. On the other hand, the five-dimensional field equation (3.2) implies 

4> + 3H^ - dl(j) + V' = Q, 

on the brane. Thus we have 

dl4> = \v' = -ii>-3H4>. 


(4.1) 


(4.2) 


(4.3) 


Inserting this into the integrand of Eq. (2.13), we obtain 


Ett — — 


a^(j){(j> + 2H(f>) dt = — 


2a4 


40"* ./ dt 




dt = — 


^5 12 


(4.4) 


where we have neglected the integration constant term (ex a ^) that vanishes rapidly as time goes on. Thus we find 
Pes is given by 


where 
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^0 = —2~ j 

Kja 

and 

yeff(^) = |e($/v^). 


(4.5) 


(4.6) 


(4.7) 


It should be noted that not only the mass term but also the constant vacuum energy term is included in this scaling 
relation of the potentials. 

This result is quite suggestive. Although our analysis is done for the specific form of the potential (2.18) on the 
fixed AdS bulk plus de Sitter brane background, it is tempting to conjecture that the relations (4.6) and (4.7) continue 
to hold in more general situations, as far as the dynamics in the zeroth order of and is concerned. The 

crucial point in the above arguments was the equality 

d^A=lv'icl^), (4.8) 


on the brane. In other words, if this equality holds at the zeroth order of and the effective dynamics 

of the Einstein-scalar system on the brane will be almost identical to the corresponding system in the standard 
four-dimensional theory. 



V. SUMMARY AND DISCUSSION 


We have analyzed the late-time behavior of a bulk scalar field in the inflating braneworld of the Randall-Sundrum 
type. We have considered a simple model, in which the background spacetime is given by the five-dimensional anti-de 
Sitter space and the brane is expanding with a constant Hubble rate H. Assuming the spatial homogeneity of the 
brane, we have formally solved the field equation of the bulk scalar field as an initial value problem by using the Green 
function. 

Focusing on the integral representation of the Green function given in Eq. (3.17), we have derived an expression 
for the integrand Qp. By analyzing the singularity structure of Qp as a function of complex p, we have derived the 
late-time behavior of the bulk scalar field under the assumptions rn?^'^ <C 1 and <C 1, where i is the curvature 

radius of AdSs and m is the mass of the bulk scalar field. When rn ?is small, we have found that a single pole in 
Qp dominates the late-time dynamics of the scalar field, whereas a complex conjugate pair of poles dominates it when 
rn ?is large. The critical value for rn?/H'^ is « 9/2. Irrespective of the ratio rn?/H"^, the bulk scalar field seen on 
the brane behaves as a four-dimensional effective scalar field with mass Wefi = mj \p2,. 

Using the late-time behavior of the bulk scalar field <j) as described above, we have examined the lowest-order 
backreaction to the geometry which starts at the quadratic order in the amplitude of 4>. We have found that the 
leading-order backreaction to the geometry is equivalently represented by a four-dimensional effective scalar field <I> 
with the effective four-dimensional mass Weff mentioned above, where $ is related to (/ by a simple scaling (4.6). 

Although we have studied only the case with a quadratic potential (2.18), we have described this correspondence 
in a more suggestive manner, t4ff($) = Note that this relation holds not only for the mass term but 

also for the vacuum energy term. We have conjectured that this correspondence may hold in more general cases. If 
this is indeed the case, the braneworld inflation driven by a bulk scalar field proceeds just like the standard inflation 
in the four-dimensional theory, apart from small corrections of 

Finally, let us make a comment on the effect of the presence of the imaginary part in the dominant poles p±. When 
we consider the oscillating phase around (/ = 0, the existence of the imaginary part causes damping of the oscillation 
amplitude. If we assume ^ H^, the amplitude decays as 

|(/)p oc (5 1 ) 

This means that the energy density of the scalar field oscillation decreases faster than the rate expected from the 
cosmic expansion. This effect, although it seems small, may play some role in the reheating after inflation. We plan 
to come back to this issue in a future publication. 
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APPENDIX A: BULK SCALAR FIELD IN THE RANDALL-SUNDRUM BRANEWORLD 

In this appendix, we consider the behavior of a bulk scalar field in the Randall-Sundrum braneworld, i.e., the AdSs 
bulk with a flat positive tension brane. This is just the flat brane limit {H‘^£‘^ 0) of the situation discussed in the 

text. However, it is worth comparing both cases because there appears a different aspect in the late-time behavior in 
the flat brane limit. Most of the results in this appendix are a rephrasing of those in Ref. [15]. 

In the Randall-Sundrum braneworld, the background metric is given by 

£2 

[dz^ — dt^ + da;^] , (AI) 

where z = \z\+ £. The brane is located at z = 0, i.e., z = £. Substituting (/ = z^l'^e~'''^^v^[z) into the field equation, 
we obtain the equation for the z-dependent part of the mode function as 

- z"^ {^^£^ t) ^ 

Solving this equation, we obtain the outgoing wave solution as 
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= i^z). 

In the same way as we have done in the main text, we can construct the Green function as 

g-iw(t-t') 


G = 


dLoQu,{z,z')- 


27r 


where 


with 


Q.{z,z') = — (^)e=)(/)0(|z| - Iz'l) +e=)(^)r;(™*)(^')0(k'l - kl) 


Then, the equation which determines the location of the poles of is given by 

= 0. 


(A3) 


(A4) 


(A5) 


(A6) 


(A7) 


As we are interested in the late-time behavior, which is expected to be dominated by uj with wf <C 1 when <C 1, 
we expand the above equation around w = 0 as 


2 ^ 

CtJ — —^-h iCtJ" 


, 4«2 arg(w) 


0 . 


As a result, we find the quasinormal mode poles at [15] 


m 

16^2 * ■ 


(AS) 


(A9) 


In addition to the above poles, there exists a brunch cut emanating from w = 0. To evaluate this contribution, we 
expand the integrand of Eq. (A4) assuming that 5 « f, loz <C 1 and z < z'. Then, we find 


G'. 


U f z 


4 \£ 


-i/-r(l/2) /~/xl/2 

7 


dio 


ui‘'Hy\ujz') 

^2_rr^+ 


(AlO) 


where v = vT+TTt^ « 2. To proceed the evaluation of the contribution from the branch cut, we perform a 
modification of the integration contour. Noting that 


cy -VT^ijl 

Hi^){e-^iGsz') = --- [e‘'^^K^{sz')+TriU{sz')] 


TTl 

2g-i^7ri/2 


HW(e^^^Gsz') = "" [e-'^^K^isz') - TTiI,{sz')] , 


(All) 


we obtain 


Gc 


-312 (~,yl 2 ^OO g-^(t-t') 

7 


( s 2 + I ^)2 


{s£yKj,{sz') + 4£ ( s + — Iu{sz') 
2s 


m 


(A12) 


The behavior of K^{sz') and Iy{sz') is 

Ki,{sz') 
h{sz') R 


(1/2) (s5'/2) ^ for sz'<C 1, 
(7re“®^ j^J^sz') for sz' 1, 

(1/2) (sz'/2)^ for sz'<C 1, 
(e®^ !\/2Trsz') for sz' ^ 1. 
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For m{t — F) ^ 1 and t — z', the integral in Eq. (A12) is dominated by the contribution from s <C to. Therefore, 

it is estimated as 


G 


cut 


/~\ 3/2 3/2 41 

\(-) \^) m^{t — t'Y 


+ 



4 ' 


(A13) 


Thus the contribution from the branch cut is not exponentially suppressed as is usually the case, and it dominates 
over the pole contribution after the epoch t — t' ~ ( ^i’gy4 when the exponential damping of the pole contribution 
becomes significant. By this epoch, however, the contribution from the branch cut is already suppressed by a factor 


V 16 v^ 


5 

m£. 


(A14) 


Thus, unless the second term in the square brackets of Eq. (A13) is extremely large, the branch-cut contribution is 
always negligible under our current assumption m£ <C 1 . 

Finally, let us mention the fact that the branch cut is absent in the case of the de Sitter brane. However, this is not 
a contradiction. In the case of the de Sitter brane, there is a sequence of poles at p « —i{n + v+l/2) where n is a non¬ 
negative integer. As we can see from the comparison of the time-dependent part of the mode functions, u used in this 
appendix corresponds to Hp in the main text. In terms of w, the locations of the poles are at w « —iH(n u + 1/2), 
and hence their distribution becomes continuous in the limit i? —> 0. 
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